Abstract. Let G be a finite group and p > 2 a prime. We show that a Sylow p-subgroup of G is self-normalizing if and only if G has no non-trivial irreducible p-Brauer character of degree not divisible by p.
Introduction
Suppose that G is a finite group, p is a prime, and P A Syl p ðGÞ. While McKay's conjecture asserts that the number of complex irreducible characters of G of degree not divisible by p can be computed in the normalizer N G ðPÞ, no similar result seems to hold for p-Brauer characters of p 0 -degree. As is well known, degrees of Brauer characters have some erratic behavior and are not easy to deal with. In this paper, however, we are able to prove the following.
Theorem A. Suppose that p is odd. Then P ¼ N G ðPÞ if and only if G has no non-trivial irreducible p-Brauer character of degree not divisible by p.
For p-solvable groups, it is true that the number of irreducible p-Brauer characters of p 0 -degree is exactly jIrrðN G ðPÞ=PÞj, a formula which is compatible with Theorem A, but unfortunately this equality does not hold for every finite group G. Also, for p ¼ 2, Theorem A breaks down as shown by many sporadic groups. (In fact, for any n d 1, the degree of every irreducible 2-Brauer character of the simple group Sp 4 ð2 n Þ 0 is a 2-power; cf. [24] for a related result.) Recently, we gave in [21] another criterion for a Sylow p-subgroup to be selfnormalizing. For odd p, it is true that P ¼ N G ðPÞ if and only if G has no non-trivial p-rational irreducible complex character of degree not divisible by p. This seems to suggest certain relationships between two sets of objects: for p d 5, we do not know of any group G for which the number of irreducible p-Brauer characters of p 0 -degree is bigger than the number of p-rational irreducible complex characters of p 0 -degree.
Proof of Theorem A
We will need the following two results on simple groups. For Brauer characters, we use the notation in [20] .
Theorem 2.1. Let G be a finite quasisimple group, let p > 2 be a prime and let Q be a finite p-group acting on G. Suppose that Z ¼ ZðGÞ is a p 0 -group. Assume that P=Z is a Q-invariant Sylow p-subgroup in G and C N G ðPÞ=P ðQÞ ¼ 1. Then, for any Q-invariant l A IrrðZÞ, there is a unique irreducible, Q-invariant, p 0 -degree, irreducible p-Brauer character of G that lies over l.
Proof. As in the proof of [21, Theorem 3 .1], using [7] we may assume that G ¼ SL 2 ðqÞ, where q ¼ 3 f and f ¼ 3 c for some c d 1, and, modulo the inner automorphisms of G, the action of Q on G induces the full group hsi of field automorphisms of G, where s raises every entry of any matrix X A G to its third power. In particular, Z ¼ hji has order 2.
Let V ¼ F Clearly, the 'only if ' part of Theorem 2.2 follows from Theorem 2.1 by choosing Z ¼ 1. The 'if ' part of Theorem 2.2 will be proved in the next section, cf. Theorem 3.8.
The strategy that we follow to prove our Theorem A is the same as the one we used in [21] , so we will just sketch the arguments. First we need a slight extension of Theorem 2.2. Corollary 2.3. Let G be a direct product of non-abelian simple groups and p > 2 a prime. Let Q be a finite p-group acting on a finite group G, and let P be a Q-invariant Sylow p-subgroup in G. Proof. If N G ðPÞ ¼ P, then, setting Q ¼ 1, N ¼ 1, and y to be the trivial character in Theorem 2.4, we have one direction. For the converse, we argue by induction on jGj. Let N be a minimal normal subgroup of G, and let R ¼ P V N. Since IBrðG=NÞ has no non-trivial p 0 -degree characters, by induction PN=N is self-normalizing in G=N. By Theorem 2.4, we have that N has no non-trivial P-invariant p 0 -degree p-Brauer characters. If N is a p 0 -group, then C N ðPÞ ¼ 1 by the Glauberman correspondence and N G ðPÞ ¼ P by [21, Lemma 2.1] . If N is a p-group, then N c P and we are done. If N is a direct product of simple groups, then Corollary 2.3 applies and we obtain C N G ðRÞ=R ðPÞ ¼ 1. By [21, Lemma 2.1] the proof of the theorem is complete. r
Simple groups
When the prime p is fixed, for any character w of any finite group G, we will denote the restriction of w to p 0 -elements byŵ w.
Lemma 3.1. Let G be a finite group acted on by a finite p-group Q, and let w A IrrðGÞ be a Q-invariant character.
(i) Let d be the number of trivial irreducible constituents of the p-Brauer characterŵ w and assume that p F ðwð1Þ À dÞ. Then G has a non-trivial Q-invariant irreducible pBrauer character of p 0 -degree.
(ii) Assume that j A IBrðGÞ is an irreducible constituent ofŵ w, and jð1Þ > wð1Þ=p. Then j is Q-invariant.
Proof. (i) Since w is Q-invariant, Q acts on the set of irreducible constituents ofŵ w, and each orbit in this action has length a p-power. Thus the sum of the degrees of all irreducible constituents which are not Q-invariant is divisible by p. The same holds for the sum of the degrees of all irreducible constituents which are Q-invariant and of degree divisible by p. Since p F ðwð1Þ À dÞ, at least one irreducible constituent ofŵ w is Q-invariant, of p 0 -degree, and non-trivial. (ii) If j is not Q-invariant, then the Q-orbit of j has length d p and so wð1Þ d pjð1Þ, a contradiction. r
The following statement was proved by K. Lux and F. Noeske. Proof. Let p ¼ 3. Consider the unique w A IrrðBÞ of degree 9458750, and a maximal subgroup N ¼ 2 1þ22 Á Co 2 of B. The restriction w N of w to N contains exactly three irreducible constituents belonging to the principal p-block of N, namely, 1 N , a of degree 275, and b of degree 2024. According to [2] ,â a is an irreducible p-Brauer character of N, andb b is the sum of two irreducible constituents of degree 275 and 1749. It follows that the restriction ofŵ w to N contains 1 N only once. Hence 1 G can appear as an irreducible constituent ofŵ w at most once. Since wð1Þ 1 2 ðmod 3Þ, we are done by Lemma 3.1 (i). r Lemma 3.3. Let G be a simple, alternating or sporadic, group and p > 2 a divisor of jGj. Then G has a non-trivial irreducible p-Brauer character of p 0 -degree.
Proof.
(1) First we consider the case G ¼ A n with n d 5. Since p > 2, it su‰ces to prove that H ¼ S n has an irreducible p-Brauer character j of p 0 -degree > 2. We will choose j ¼ j l labeled by a suitable partition l ' n and calculate jð1Þ using the results of [13] . If pjn, then j ðnÀ1; 1Þ has degree n À 2. If p F nðn À 1Þ, then j ðnÀ1; 1Þ has degree n À 1. If p j ðn À 1Þ, then j ðnÀ2; 2Þ has degree ðn À 1Þðn À 2Þ=2 À 2. In all cases, jð1Þ > 2 is coprime to p.
(2) Now let G be any of the 26 sporadic finite simple groups. For some of them, we can use [14] , [15] , or [2] to find a desired j. For some others, we will use results of [10] on Brauer trees to find j. We will indicate one possible choice for jð1Þ in what follows. The four remaining sporadic groups M, Co 1 , Ly, and BM pose additional di‰cul-ties, since only very scarce information is currently available about the p-Brauer characters of these groups.
(3) Consider the case G ¼ M. Then we can choose j of degree 196882 if p ¼ 3, and 196883 if p 0 3; 47; 59; 71 by [14] . The Brauer trees for 47-blocks as described in [10] show that we can take j of degree 21296876 when p ¼ 47. Assume that p ¼ 71. As shown in [10] , the Brauer tree of the principal 71-block of G contains an edge connecting 1 G and w A IrrðGÞ, with wð1Þ ¼ 842609326. It follows thatŵ w contains 1 G with multiplicity 1. Since wð1Þ 1 À1 ðmod 71Þ, we conclude thatŵ w contains a non-trivial irreducible constituent j of degree coprime to p ¼ 71. The same argument applies to the case p ¼ 59, with wð1Þ ¼ 18538750076 1 À1 ðmod 59Þ.
(4) Consider the case G ¼ Ly. 
Now we turn out attention to finite groups of Lie type. As in [5] , by a finite group of Lie type in characteristic r we mean the fixed-point subgroup G F , where G is a connected reductive algebraic group (defined over a field of characteristic r > 0), and F : G ! G a Frobenius map. Proof. Assume the contrary and consider a Sylow r-subgroup U of G. Then, since r 0 p, w U contains 1 U . The latter means that w belongs to the principal series, a contradiction. r It remains to show that
is coprime to p. First, the condition 2 < p j ðq þ 1Þ implies that p is coprime to q k À 1 for any odd k d 1, and so to ðq n À 1Þðq nÀsþ1 À 1Þðq s À 1Þðq À 1Þ. Furthermore, since p j ðq 2 À 1Þ and p does not divide any of the integers s À 1, n À 2s þ 1, and n À s, we see that p is coprime to q sÀ1 À 1
Next we consider any j with 0 c j c s À 3. Then 
at least one of them has p 0 -degree (as p j ðq 6 þ 1Þ) and so we can choose w to be that character.
Next, if G ¼ E 6 ðqÞ, choose w to be a unipotent character of degree
(labeled as ðD 4 ; 1Þ in [3] ). If G ¼ E 8 ðqÞ, then choose w to be a unipotent character of degree
(labeled as ðD 4 ; f 1; 0 Þ in [3] ) if 7 0 p j ðq þ 1Þ, and
(labeled as ðD 4 ; f 0 2; 4 Þ in [3] ) if 7 ¼ p j ðq þ 1Þ. In each of these cases, w comes from a cuspidal character of a Levi subgroup D 4 ðqÞ and so it does not belong to the principal series. Also, it is AutðGÞ-invariant by [19, Theorem 2.5] , and so we are done as above.
(3) Now we consider the remaining (untwisted) classical groups defined over F q ; in particular, p j ðq þ 1Þ. First let G ¼ PSL n ðqÞ, and so n 1 0; 1 ðmod 4Þ. Assume in addition that 2jn. Then p j ðq n À 1Þ=ðq À 1Þ, and so we can choose j to be the unique p-Brauer (unipotent) character of degree ðq n À 1Þ=ðq À 1Þ À 2 (labeled by the partition ðn À 1; 1Þ), cf. [8] . Now let n be odd. If p F ðn À 1Þ=2, then choose j to be the p-Brauer character labeled by ðn À 2; 1 2 Þ; it has p 0 -degree ðq n À 1Þðq nÀ1 À 1Þ=ðq 2 À 1Þ (see [8, Corollary 3.2] ) and is an irreducible constituent of the reduction modulo p of an AutðGÞ-invariant unipotent character w of degree ðq n À qÞðq n À q 2 Þ=ðq À 1Þðq 2 À 1Þ. If p j ðn À 1Þ=2, then choose j to be the p-Brauer character labeled by ðn À 2; 2Þ; it has p 0 -degree
and is an irreducible constituent of the reduction modulo p of an AutðGÞ-invariant unipotent character w of degree
In each of these cases, jð1Þ > wð1Þ=p and so j is Q-invariant by Lemma 3.1 (ii). Next assume that G ¼ PSp 2n ðqÞ, resp. W 2nþ1 ðqÞ with n d 2. Consider the rank 3 permutation action of G on the 1-spaces of the natural module F 2n q , resp. on the singular 1-spaces of the natural module F 2nþ1 q , and its character r, of degree
, where a and b are unipotent, AutðGÞ-invariant, irreducible characters. It was shown in [17] 
where k ¼ 1 or 2, and g; d A IBrðGÞnf1 G g. Since p j rð1Þ, at least one of g and d has p 0 -degree; denote this Brauer character by j. Observe that there is w A fa; bg such that w w ¼ j or 1 G þ j. Since jð1Þ > wð1Þ=p, j is Q-invariant by Lemma 3.1 (ii).
(4) Finally, let G ¼ PW þ 2n ðqÞ with n d 5. Again we consider the rank 3 permutation action of G on the singular 1-spaces of the natural module F 2n q , and its character r. Then r ¼ 1 G þ a þ b, where a and b are unipotent, AutðGÞ-invariant, irreducible characters, of degree ðq n À 1Þðq nÀ1 þ qÞ=ðq 2 À 1Þ and ðq 2n À q 2 Þ=ðq 2 À 1Þ, respectively. It was shown in [23] thatr r contains exactly two non-trivial irreducible constituents, g of degree ðq n À 1Þðq nÀ1 þ qÞ=ðq 2 À 1Þ À k where k ¼ 2 if 2jn and 1 otherwise, and d of degree ðq n À 1Þðq nÀ1 À 1Þ=ðq þ 1Þ. Assume that p F bn=2c. Then p F dð1Þ; moreover, d is an irreducible constituent of b b by [23, Corollary 6.5], of degree larger than bð1Þ=p. Hence we are done as in (3) . Similarly, assume that 2jn and pjn. Then gð1Þ 1 À2 ðmod pÞ. Moreover, g is an irreducible constituent ofâ a by [23, Corollary 6.5] , of degree larger than að1Þ=p, and so we are done again.
The only remaining possibility, that n is odd and p j ðn À 1Þ=2, is handled by Lemma 3.5. r Proposition 3.7. Let G be a finite simple group of Lie type in characteristic p > 2 and let Q be a finite p-group acting on G. Assume in addition that G Z PSL 2 ð p f Þ. Then G has a non-trivial Q-invariant, p 0 -degree, irreducible p-Brauer character, which belongs to the principal p-block.
Proof. It su‰ces to prove that IBrðGÞ contains a Q-invariant character j of p 0 -degree > 1. (Indeed, by [11] , G has only two p-blocks, the principal block and an-other one of p-defect 0.) As usual, we can find a simple, simply connected algebraic group G and a Frobenius map F on G such that G ¼ H=ZðHÞ for H :¼ G F . We will label the fundamental weights $ 1 ; . . . ; $ l of G as in [18] , where l ¼ rankðGÞ. Also write q ¼ p f for the common absolute value of the eigenvalues of F , and denote by Lð$Þ the irreducible G-module with highest weight $. The dimension of Lð$Þ and the action of ZðGÞ on Lð$Þ for various $ are described in [18] . If V ¼ Lð$Þ and $ is restricted, we define
Also, let s denote the field automorphism of G induced by the map f . Next, assume that G ¼ 2 G 2 ðqÞ and let a ¼ f À 1=2 (so a is an integer and p ¼ 3). Then G ¼ L and OutðGÞ G C 2aþ1 is generated by s G . Choosing V ¼ Lð$ 2 Þ, we see that dimðV Þ ¼ 7 and V s aþ1 G Lð$ 1 Þ as G-modules. It follows that V ½2a þ 1 is a Q-invariant irreducible p-modular representation of G, of degree 7 f . (2) By [6, Lemma 2.5.8], the (outer) diagonal automorphisms of G come from the conjugations by some elements of some maximal torus in G, and so they fix Lð$Þ. Hence, from now on without loss we may assume that Q induces only a subgroup of field automorphisms of G. We will define V :¼ Lð$Þ such that ZðHÞ c ZðGÞ acts trivially on V as follows.
If
2 ðl 2 À 4Þ=4 À 1 1 À2 ðmod pÞ by [1] . In both of the latter two cases, the Weyl module with highest weight $ has a composition series with two factors, Lð$Þ and Lð0Þ, cf. [1] .
If G is of type B l with l d 2, choose V equal Lð$ l Þ of dimension 2l þ 1 if p F ð2l þ 1Þ, and Lð2$ l Þ of dimension ð2l þ 1Þðl þ 1Þ À 2 if p j ð2l þ 1Þ.
Assume that G is of type C l with l d 3. Then Lð$ lÀ1 þ ððp À 3Þ=2Þ$ l Þ has dimension ðp l À 1Þ=2 and Lððð p À 1Þ=2Þ$ l Þ has dimension ð p l þ 1Þ=2, cf. [25] . Exactly one of these two modules has odd dimension and so it is acted on trivially by ZðGÞ; choose V to be this module.
If G ¼ D 4 , choose V to be Lð$ 3 Þ of dimension 28 if p 0 7, and Lð2$ 3 Þ of dimension 299 if p ¼ 7. In each of these cases, it is straightforward to check that V ½ f is an irreducible, Q-invariant G-module of p 0 -dimension > 1. r Theorem 3.8. Let G be a finite non-abelian simple group and p > 2 a prime. Let Q be a finite p-group acting on G and P a Q-invariant Sylow p-subgroup in G. Assume that G has a unique Q-invariant, p 0 -degree, irreducible p-Brauer character. Then C N G ðPÞ=P ðQÞ ¼ 1.
Proof. The statement is obvious if p does not divide jGj, since in this case every pBrauer irreducible character is ordinary and has p 0 -degree. So we will assume that p j jGj. Now the statement follows from Lemma 3.3 if G is an alternating or sporadic group, from Proposition 3.6 if G is a simple group of Lie type in characteristic r 0 p, and from Proposition 3.7 if G is a simple group of Lie type in characteristic p, unless G G PSL 2 ðqÞ for some q ¼ p f . Consider this last possibility. Let V ¼ F 2 q denote the natural module for H ¼ SL 2 ðqÞ, and we view G as H=ZðHÞ. As in the proof of Theorem 2.1, we may assume that the action of Q on G reduces to a subgroup of the field automorphism group hsi G C f , where s is induced by the map x 7 ! x p .
If 2j f , then define W ¼ V n V ð pÞ n Á Á Á n V In each of these cases, W is clearly a s-invariant irreducible H-module of p 0 -degree > 1, and Z acts trivially on W .
We have shown that p ¼ 3 and f is odd. Write f ¼ Ab, with A ¼ 3 a d 1, and b d 1 coprime to 3. If b > 3, then consider W ¼ U n U ð3Þ , where
If b ¼ 1, but Q does not induce the entire hsi, then consider W ¼ U n U ð3Þ , where
In each of these two cases, U is Q-invariant, and so W is a Q-invariant irreducible H-module of p 0 -degree > 1, and Z acts trivially on W . It follows that f ¼ 3 a , and Q induces the full group hsi of field automorphisms of G. In this case, it is straightforward to check that C N G ðPÞ=P ðQÞ ¼ 1. r
